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Abstract
The lattice proﬁle analyzes the intrinsic structure of pseudorandom number sequences with applications
in Monte Carlo methods and cryptology. In this paper, using the discrete Fourier transform for periodic
sequences and the relation between the lattice proﬁle and the linear complexity, we give general formulas
for the expected value, variance, and counting function of the lattice proﬁle of periodic sequences with ﬁxed
period. Moreover, we determine in a more explicit form the expected value, variance, and counting function
of the lattice proﬁle of periodic sequences for special values of the period.
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1. Introduction
Let Fq be the ﬁnite ﬁeld with q elements, where q is an arbitrary prime power. Let S =
(s0, s1, s2, . . .) be a sequence with terms in the ﬁnite ﬁeld Fq , or as we shall say more brieﬂy, a
sequence over Fq . For a positive integer N, the sequence S is called N-periodic if si+N = si for
all i0. The N-periodic sequence S can be completely described by the N-tuple
S(N) = (s0, s1, . . . , sN−1).
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The polynomial corresponding to the N-periodic sequence S is deﬁned as
S(x) = s0 + s1x + s2x2 + · · · + sN−1xN−1.
Deﬁnition 1. The linear complexity L(S) of an N-periodic sequence S over the ﬁnite ﬁeld Fq is
the smallest nonnegative integer l for which there exist coefﬁcients d1, d2, . . . , dl ∈ Fq such that
sj + d1sj−1 + · · · + dlsj−l = 0 for all j l.
The linear complexity of sequences is an important security measure for stream cipher systems
(see [1,3,19,22,23]). Note that L(S) = 0 if S is the zero sequence. Obviously, we always have
0L(S)N . Note that if S is not the zero sequence, then L(S) is the length of the shortest
linear feedback shift register that can generate S. For a general introduction to the theory of linear
feedback shift register sequences, we refer the reader to [11, Chapter 8] and the references therein.
The lattice proﬁle deﬁned below analyzes the lattice structure of pseudorandom number se-
quences with applications inMonte Carlo methods and stream ciphers in cryptology (see [4–8,12,
17,18,20,21]). The lattice proﬁle is used, for instance, in the structural assessment of periodic se-
quences of pseudorandom numbers by means of Marsaglia’s lattice test (see [8,12]). Thus, it is of
interest to gain further insight into the lattice proﬁle by studying e.g. the expected value and the
variance of the lattice proﬁle of periodic sequences over Fq with ﬁxed period. This establishes
then statistical benchmarks for the assessment of pseudorandom numbers via the lattice proﬁle.
Deﬁnition 2. Let S = (s0, s1, s2, . . .) be an N-periodic sequence over the ﬁnite ﬁeld Fq . For
integers t0 and n2, we say that S passes the t-dimensional n-lattice test if the vectors si − s0,
i = 1, . . . , n − t , span Ftq , where
si = (si, si+1, . . . , si+t−1), 0 in − t.
The lattice proﬁle T (S, n) of S at n is deﬁned as the greatest t such that S passes the t-dimensional
n-lattice test. The lattice proﬁle T (S) of S is deﬁned as
T (S) = sup
n2
T (S, n).
Note that if the sequence S passes the t-dimensional n-lattice test, then it passes all t ′-dimen-
sional n-lattice test for all t ′ t , and if the sequence S fails the t-dimensional n-lattice test, then it
fails all t ′-dimensional n-lattice test for all t ′ t . We always have 0T (S)N − 1 (see [7]).
Dorfer, Niederreiter, and Winterhof (see [7,21]) established the following important relationship
between the lattice proﬁle and the linear complexity for a periodic sequence.
Lemma 1. Let S = (s0, s1, s2, . . .) be an N-periodic sequence over the ﬁnite ﬁeld Fq . If
gcd(N, q) = 1, then
T (S) =
{
L(S) if
∑N−1
i=0 si = 0,
L(S) − 1 if ∑N−1i=0 si = 0. (1)
If gcd(N, q) = 1, then T (S) = L(S) − 1.
Linear complexity and lattice proﬁle can also be deﬁned for a ﬁnite sequence over Fq (see
[4–7]). The important relationship between the lattice proﬁle and the linear complexity for a
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ﬁnite sequence was also established in [4–7,21]. Motivated by the relationship between the lattice
proﬁle and the linear complexity for a ﬁnite sequence, Dorfer et al. [5] determined the expected
value, variance, and counting function of the lattice proﬁle for ﬁnite sequences over Fq .
In [2,9,14,15], the expected value, variance, and counting function of the linear complexity of
periodic sequences were studied. It is easy to see from Lemma 1 that when gcd(N, q) = 1, the
expected value, variance, and counting function of the lattice proﬁle of N-periodic sequences over
Fq can be directly obtained from the expected value, variance, and counting function of the linear
complexity of N-periodic sequences over Fq . In this paper, we study the expected value, variance,
and counting function of the lattice proﬁle of N-periodic sequences over Fq when gcd(N, q) = 1.
Using the discrete Fourier transform for periodic sequences and the relationship between the lattice
proﬁle and the linear complexity, we give general formulas for the expected value, variance, and
counting function of the lattice proﬁle of periodic sequences. Moreover, we determine in a more
explicit form the expected value, variance, and counting function of the lattice proﬁle of periodic
sequences for special values of the period.
This paper is organized as follows. In Section 2, we brieﬂy review the discrete Fourier transform
of sequences and the relationship between the linear complexity of a periodic sequence and the
Hamming weight of the discrete Fourier transform for the periodic sequence. We also review the
formulas for computing the expected value and variance of the linear complexity of N-periodic
sequences overFq where gcd(N, q) = 1. In Section 3, we derive general formulas for the expected
value, variance, and counting function of the lattice proﬁle ofN-periodic sequences over Fq where
gcd(N, q) = 1. In Section 4, we determine in a more explicit form the expected value, variance,
and counting function of the lattice proﬁle of N-periodic sequences with certain periods N.
2. The discrete Fourier transform of sequences
In this section, we brieﬂy review the discrete Fourier transform of sequences over Fq and the
relationship between the linear complexity of a periodic sequence and the Hamming weight of
the discrete Fourier transform for the periodic sequence. We also list some basic properties of
the discrete Fourier transform for periodic sequences and review the formulas for computing
the expected value and variance of the linear complexity of N-periodic sequence over Fq where
gcd(N, q) = 1.
Deﬁnition 3. The discrete Fourier transform of an N-tuple S(N) = (s0, s1, . . . , sN−1) over Fq ,
where gcd(N, q) = 1, is deﬁned by
DFT
(
S(N)
)
=
(
S(1),S(), . . . ,S
(
N−1
))
, (2)
where  is a primitive Nth root of unity in some extension ﬁeld of Fq and S(x) = s0 + s1x +
s2x2 + · · · + sN−1xN−1 is the polynomial corresponding to the N-tuple S(N).
The Hamming weight of an N-tuple over a ﬁnite ﬁeld is deﬁned as the number of nonzero
coordinates in this N-tuple. Blahut (see [13]) established the following relationship between the
linear complexity of an N-periodic sequence S = (s0, s1, s2, . . .) and the Hamming weight of the
discrete Fourier transform of the corresponding N-tuple S(N) = (s0, s1, . . . , sN−1).
Lemma 2. The linear complexity L(S) of an N-periodic sequence S over Fq , where gcd(N, q) =
1, is equal to the Hamming weight of the discrete Fourier transform DFT (S(N)) of the N-tuple
S(N) corresponding to S.
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Let N be a positive integer with gcd(N, q) = 1. We put
ZN = {0, 1, . . . , N − 1}.
Deﬁnition 4. For j ∈ ZN , the cyclotomic coset Cj of j modulo N relative to powers of q is
deﬁned by
Cj =
{
j, j · q, . . . , j · qlj−1
}
(mod N),
where lj is the least positive integer satisfying j · qlj ≡ j (mod N). The smallest integer in the
cyclotomic coset Cj is called the coset representative of this cyclotomic coset.
The following lemma (see [15, Lemma 1]) shows an algebraic property of the entries of the
DFT of an N-tuple.
Lemma 3. For an integer j ∈ ZN , let the integer k ∈ ZN be an element of the cyclotomic coset
Cj of j modulo N, i.e., k ≡ jqb (mod N) for some integer b0. Let |Cj | = lj . Then the
DFT
(
S(N)
)
of an N-tuple S(N) over Fq satisﬁes
S(j ) ∈ F
q
lj , S(k) =
(
S(j )
)qb
.
LetD1,D2, . . . , Dh be the different cyclotomic cosetsmoduloN relative to powers of q. Denote
|Di | = mi, i = 1, 2, . . . , h.
In this paper we always assume that D1 = C0 = {0}. Using Lemma 3, Meidl and Niederreiter
[15] showed that theDFT (S(N)) of anN-tuple S(N) over Fq has the special form calledDFT form:
DFT
(
S(N)
)
is uniquely determined by h coordinates corresponding to h coset representatives of
the cyclotomic cosets D1,D2, . . . , Dh. The entry of DFT
(
S(N)
)
at j -position, where j ∈ Di ,
is an element of Fqmi . Furthermore, the DFT is a bijection. Using Lemmas 2 and 3, Meidl and
Niederreiter [15] showed that the linear complexity of an N-periodic sequence S over Fq can be
written in the following form.
Lemma 4. Let N be a positive integer with gcd(N, q) = 1. Let D1,D2, . . . , Dh be the different
cyclotomic cosets modulo N relative to powers of q. Let mi = |Di |, 1 ih, be the sizes of these
cyclotomic cosets, respectively. Let ji , 1 ih, be the coset representative of the cyclotomic coset
Di . Then the linear complexity L(S) of an N-periodic sequence S over Fq , where gcd(N, q) = 1,
is given by
L(S) =
h∑
i=1
imi,
where
i =
{
1 if S(ji ) = 0,
0 if S(ji ) = 0.
In the rest of the paper, the underlying stochastic model is that of each N-periodic sequence
over Fq having the same probability q−N . This means that a random N-periodic sequence S is
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uniformly distributed over the set of all N-periodic sequences over Fq . Meidl and Niederreiter
[15, Corollary 4] gave a general formula in terms of the mi , the sizes of the cyclotomic cosets
Di , for the expected value of the linear complexity L(S) of a random N-periodic sequence S over
Fq . Fu et al. [9, Corollary 3] gave a general formula in terms of the mi for the variance of the
linear complexity L(S) of a random N-periodic sequence S over Fq . Equivalent formulas for the
expected value and variance of the linear complexity L(S) of a random N-periodic sequence S
over Fq , but in other forms and without proof, were given by Dai and Yang [2]. The following
lemma summarizes the relevant formulas from [15] and [9].
Lemma 5. Let N be a positive integer with gcd(N, q) = 1. Let D1,D2, . . . , Dh be the different
cyclotomic cosets modulo N relative to powers of q. Let mi = |Di |, 1 ih, be the sizes of these
cyclotomic cosets, respectively. Then the expected value and variance of the linear complexity
L(S) of a random N-periodic sequence S over Fq are given by
E(L(S)) = N −
h∑
i=1
miq
−mi , (3)
Var(L(S)) =
h∑
i=1
m2i q
−mi (1 − q−mi ). (4)
3. The expected value, variance, and counting function of the lattice proﬁle of periodic
sequences
In this section, we derive general formulas for the expected value, variance, and counting
function of the lattice proﬁle of N-periodic sequences over Fq where gcd(N, q) = 1.
Denote by PN(q) the set of N-periodic sequences over Fq . Let S be an N-periodic sequence
over Fq with the corresponding N-tuple S(N) = (s0, s1, . . . , sN−1). Then
N−1∑
i=0
si = 0 ⇐⇒ S(1) = 0, (5)
where S(x) = s0 + s1x + s2x2 + · · · + sN−1xN−1 is the corresponding polynomial. It is easy to
see that
|{S ∈ PN(q) : S(1) = 0}| = qN−1, |{S ∈ PN(q) : S(1) = 0}| = qN − qN−1. (6)
Theorem 1. Let N be a positive integer with gcd(N, q) = 1. Let D1,D2, . . . , Dh be the different
cyclotomic cosets modulo N relative to powers of q. Let mi = |Di |, 1 ih, be the sizes of these
cyclotomic cosets, respectively. Then the expected value and variance of the lattice proﬁle T (S)
of a random N-periodic sequence S over Fq are given by
E(T (S)) = N − q − 1
q
−
h∑
i=1
miq
−mi , (7)
Var(T (S)) =
h∑
i=1
m2i q
−mi (1 − q−mi ) − q − 1
q2
. (8)
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Proof. By Lemma 1 and (6), we have
E(T (S)) = 1
qN
∑
S∈PN(q)
T (S)
= 1
qN
⎡
⎣ ∑
S∈PN(q), S(1)=0
L(S) +
∑
S∈PN(q), S(1)=0
(L(S) − 1)
⎤
⎦
= 1
qN
⎡
⎣ ∑
S∈PN(q)
L(S) − (qN − qN−1)
⎤
⎦
= E(L(S)) − q − 1
q
. (9)
Hence, (7) follows from (3) and (9). Next we recall that
Var(T (S)) = E(T 2(S)) − (E(T (S)))2. (10)
By Lemma 1 and (6), we have
E(T 2(S)) = 1
qN
∑
S∈PN(q)
T 2(S)
= 1
qN
⎡
⎣ ∑
S∈PN(q), S(1)=0
L2(S) +
∑
S∈PN(q), S(1)=0
(L(S) − 1)2
⎤
⎦
= 1
qN
⎡
⎣ ∑
S∈PN(q)
L2(S) − 2
∑
S∈PN(q), S(1)=0
L(S) + qN − qN−1
⎤
⎦
= E(L2(S)) − 2
qN
∑
S∈PN(q), S(1)=0
L(S) + q − 1
q
. (11)
By (9)–(11) and noting that Var(L(S)) = E(L2(S)) − (E(L(S)))2, we obtain
Var(T (S)) = Var(L(S)) + 2(q − 1)
q
E(L(S)) + q − 1
q2
− 2
qN
∑
S∈PN(q), S(1)=0
L(S). (12)
By Lemmas 3 and 4, (6), and the speciﬁc DFT form of DFT (S(N)), we have
∑
S∈PN(q), S(1)=0
L(S) =
∑
S∈PN(q), S(1)=0
h∑
i=1
imi
=
∑
S∈PN(q), S(1)=0
[
1 +
h∑
i=2
imi
]
= qN − qN−1 +
h∑
i=2
mi
∑
S∈PN(q), S(1)=0, S(ji )=0
1
= qN − qN−1 +
h∑
i=2
mi(q − 1)(qmi − 1)qN−1−mi
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= qN − qN−1 +
h∑
i=2
mi(q − 1)(qN−1 − qN−1−mi )
= qN − qN−1 + (q − 1)
[
qN−1
h∑
i=2
mi −
h∑
i=2
miq
N−1−mi
]
= qN − qN−1 + (q − 1)
[
qN−1(N − 1) −
h∑
i=2
miq
N−1−mi
]
= N(q − 1)qN−1 − (q − 1)
h∑
i=2
miq
N−1−mi . (13)
It follows from (3), (12), and (13) that
Var(T (S)) = Var(L(S)) − 2(q − 1)
q
m1q
−m1 + q − 1
q2
= Var(L(S)) − q − 1
q2
. (14)
Hence, (8) follows from (4) and (14). This completes the proof. 
Corollary 1. Let N be a positive integer with gcd(N, q) = 1. Then the expected value of the
lattice proﬁle T (S) of a random N-periodic sequence S over Fq satisﬁes
E(T (S)) > N − O(Nε)
for every ε > 0, where the implied constant depends only on ε.
Proof. By [9, Remark 1] the sizes of the cyclotomic cosets modulo N relative to powers of q
are given as follows: for each positive divisor d of N, there are exactly (d)/Hq(d) cyclotomic
cosets of size Hq(d), where  is Euler’s totient function and Hq(d) is the multiplicative order of
q modulo d. It follows then from (7) that
E(T (S)) = N − q − 1
q
−
∑
d|N
(d)q−Hq(d). (15)
Now qHq(d) > qHq(d) − 1d since d divides qHq(d) − 1 by the deﬁnition of Hq(d). Therefore
from (15),
E(T (S)) > N − q − 1
q
−
∑
d|N
(d)
d
N − q − 1
q
−
∑
d|N
1
= N − q − 1
q
− (N),
where (N) is the number of positive divisors ofN. By [10, Theorem3.15]we have (N) = O(Nε)
for every ε > 0, with an implied constant depending only on ε. This yields the desired result. 
Corollary 2. Let N be a positive integer with gcd(N, q) = 1. Then the variance of the lattice
proﬁle T (S) of a random N-periodic sequence S over Fq satisﬁes
Var(T (S)) = O(Nε)
for every ε > 0, where the implied constant depends only on ε.
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Proof. Using the same information on the sizes of the cyclotomic cosets modulo N relative to
powers of q as in the proof of Corollary 1, we obtain from (8) that
Var(T (S)) =
∑
d|N
(d)Hq(d)q
−Hq(d)(1 − q−Hq(d))− q − 1
q2
. (16)
This implies
Var(T (S)) <
∑
d|N
(d)Hq(d)q
−Hq(d). (17)
Next we note that qHq(d)d + 1, and so Hq(d) logq(d + 1). Since for ﬁxed q the function
g(x) = xq−x is decreasing on the interval [logq e,∞), it follows from (17) that
Var(T (S)) < 1
q
+
∑
d|N
d  2
(d) logq(d + 1)
d + 1
 1
q
+
∑
d|N
d  2
logq(d + 1) <
1
q
+ (N) logq(N + 1).
Using the bound (N) = O(Nε) noted in the proof of Corollary 1, we arrive at the desired
result. 
For gcd(N, q) = 1 and 0 tN − 1, let N(t; q) denote the number of N-periodic sequences
S over Fq with given lattice proﬁle T (S) = t . Note that T (S) = 0 if and only if S = (a, a, a, . . .),
where a ∈ Fq . HenceN(0; q) = q. Next we derive a general formula for computing the counting
function N(t; q) of the lattice proﬁle of N-periodic sequences over Fq .
Let D1,D2, . . . , Dh be the different cyclotomic cosets modulo N relative to powers of q.
Among these cyclotomic cosets, assume that there are exactly i cyclotomic cosets with size fi ,
i = 1, 2, . . . , r , where
1 = f1 < f2 < · · · < frN,
r∑
i=1
i = h and 1ih for all i = 1, 2, . . . , r.
It is known from [9, Lemma 3] that 1 = gcd(N, q − 1). If N and q − 1 are coprime, then 1 = 1
and the only cyclotomic coset with size 1 is {0}.
Let Z denote the set of integers. For an integer t with 0 tN − 1, we put
t =
{
(a1, a2, . . . , ar ) ∈ Zr : 0a11 − 1, 0aii , 2 ir,
r∑
i=1
aifi = t
}
,
′t =
{
(a2, a3, . . . , ar ) ∈ Zr−1 : 0aii , 2 ir,
r∑
i=2
aifi = t
}
.
Note that t and ′t can be empty in some cases.
F.-W. Fu, H. Niederreiter / Journal of Complexity 23 (2007) 423–435 431
Theorem 2. Let gcd(N, q) = 1 and 0 tN − 1. Then the number N(t; q) of N-periodic
sequences over Fq with given lattice proﬁle t is given by
N(t; q) = q
∑
(a1,a2,...,ar )∈t
(
1 − 1
a1
)
(q − 1)a1
r∏
i=2
(
i
ai
)
(qfi − 1)ai if t = ∅, (18)
N(t; q) = 0 if t = ∅. (19)
In particular, if gcd(N, q − 1) = 1, i.e., 1 = 1, then (18) and (19) can be reduced to
N(t; q) = q
∑
(a2,a3,...,ar )∈′t
r∏
i=2
(
i
ai
)
(qfi − 1)ai if ′t = ∅, (20)
N(t; q) = 0 if ′t = ∅. (21)
Proof. It follows from Lemma 1 that
N(t; q) = |{S ∈ PN(q) : T (S) = t}|
= |{S ∈ PN(q) : L(S) = t, S(1) = 0}|
+ |{S ∈ PN(q) : L(S) = t + 1, S(1) = 0}|. (22)
By Lemma 2 and the speciﬁc DFT form of DFT (S(N)), the ﬁrst term on the right-hand side of
(22) is the number of different N-tuples in DFT form with Hamming weight t and S(1) = 0; the
second term on the right-hand side of (22) is the number of different N-tuples in DFT form with
Hamming weight t + 1 and S(1) = 0.
Note that {0} is a cyclotomic coset with size 1. Assume that there are exactly a1 cyclotomic
cosets with size 1 other than {0} contributing to the Hamming weight of DFT (S(N)), and there
are exactly ai (2 ir) cyclotomic cosets with size fi contributing to the Hamming weight
of DFT
(
S(N)
)
. Then, by Lemmas 3 and 4, L(S) = ∑ri=1 aifi if S(1) = 0, and L(S) =
1+∑ri=1 aifi if S(1) = 0. Hence, (19) follows from (22). Note that there are (1−1a1
)
possibilities
to choose a1 cyclotomic cosets with size 1 other than {0}, and
(
i
ai
)
possibilities to choose ai
(2 ir) cyclotomic cosets with size fi . Furthermore, by Lemma 3, the entries of DFT
(
S(N)
)
at the positions corresponding to the coset representatives of the ai (1 ir) cyclotomic cosets
with size fi are nonzero elements of Fqfi , and thus have qfi − 1 choices. Therefore, if t = ∅,
|{S ∈ PN(q) : L(S) = t, S(1) = 0}|
=
∑
(a1,a2,...,ar )∈t
(
1 − 1
a1
)
(q − 1)a1
r∏
i=2
(
i
ai
)(
qfi − 1
)ai (23)
and
|{S ∈ PN(q) : L(S) = t + 1, S(1) = 0}|
= (q − 1)
∑
(a1,a2,...,ar )∈t
(
1 − 1
a1
)
(q − 1)a1
r∏
i=2
(
i
ai
)(
qfi − 1
)ai
. (24)
Hence, (18) follows from (22)–(24). This completes the proof. 
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Note that if q = 2, we always have gcd(N, q − 1) = 1, and so the counting function N(t; q)
is given by (20) and (21).
4. Some examples with certain periods
In this section, using Theorems 1 and 2, we determine in a more explicit form the expected
value, variance, and counting function of the lattice proﬁle of N-periodic sequences with certain
periods N. The corollaries in this section employ information on the sizes of the cyclotomic
cosets modulo N relative to powers of q that is available for special values of N. We write p for
the characteristic of the ﬁnite ﬁeld Fq . Note that p is a prime.
Corollary 3. Let N be a prime different from p. Let d be the multiplicative order of q in the prime
ﬁeld FN . Then the expected value and variance of the lattice proﬁle T (S) of a random N-periodic
sequence S over Fq are given by
E(T (S)) = (N − 1)
(
1 − q−d
)
, (25)
Var(T (S)) = (N − 1)d
(
1 − q−d
)
q−d . (26)
The counting function N(t; q) of the lattice proﬁle of N-periodic sequences over Fq is given by
N(t; q) = q
(N−1
d
j
)(
qd − 1
)j
if t = jd, 0jN − 1
d
, (27)
N(t; q) = 0 otherwise. (28)
Proof. It was noted in [15,16] that there are N−1
d
cyclotomic cosets modulo N with size d and
the cyclotomic coset {0} with size 1. Hence, (25) and (26) follow from (7) and (8) in Theorem 1,
respectively. If d = 1, then (27) and (28) follow from (20) and (21) in Theorem 2, respectively.
If d = 1, then there are N cyclotomic cosets with size 1. Hence, (27) and (28) follow from (18)
and (19) in Theorem 2, respectively. 
Furthermore, if q is a primitive root modulo N, i.e., d = N − 1, then we have
E(T (S)) = (N − 1)
(
1 − q−(N−1)
)
,
Var(T (S)) = (N − 1)2
(
1 − q−(N−1)
)
q−(N−1),
and
N(0; q) = q, N(N − 1; q) = q(qN−1 − 1), N(t; q) = 0, if t = 0, N − 1.
If there are inﬁnitely many primes N for which q is a primitive root modulo N, then
E(T (S)) ≈ N − 1,
Var(T (S)) ≈ (N − 1)2q−(N−1),
as N runs through these primes.
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Corollary 4. Suppose N = nk, k1, where n is an odd prime different from p. Let d be the
multiplicative order of q in the prime ﬁeld Fn and qd = 1+cn, gcd(c, n) = 1. Then the expected
value and variance of the lattice proﬁle T (S) of a random N-periodic sequence S over Fq are
given by
E(T (S)) = nk − 1 − (n − 1)
k−1∑
i=0
ni
qdn
i
, (29)
Var(T (S)) = (n − 1)d
k−1∑
i=0
n2iq−dni
(
1 − q−dni
)
. (30)
The counting function N(t; q) of the lattice proﬁle of N-periodic sequences over Fq is given by
N(t; q) = q
k∏
i=1
(n−1
d
bi
)
(qdn
i−1 − 1)bi if t = d
k∑
i=1
bin
i−1, 0bi
n − 1
d
, (31)
N(t; q) = 0 otherwise. (32)
Proof. It was shown in [15] that there are n−1
d
cyclotomic cosets modulo N with size dni−1,
1 ik, and the cyclotomic coset {0} with size 1. Hence, (29) and (30) follow from (7) and
(8) in Theorem 1, respectively. Note that if t = d∑ki=1 bini−1 with 0bi n−1d , then all bi
are uniquely determined. If d = 1, then (31) and (32) follow from (20) and (21) in Theorem 2,
respectively. If d = 1, then there are n cyclotomic cosets with size 1. Hence, (31) and (32) follow
from (18) and (19) in Theorem 2, respectively. 
Corollary 5. Suppose N = qn − 1 and n is a prime. Then the expected value and variance of
the lattice proﬁle T (S) of a random N-periodic sequence S over Fq are given by
E(T (S)) = qn − 4 + 2
q
+ 1
qn−1
, (33)
Var(T (S)) = (q − 1)(q − 2)
q2
+ n
(
1 − q−(n−1)
) (
1 − q−n) . (34)
The counting function N(t; q) of the lattice proﬁle of N-periodic sequences over Fq is given by
(i) q = 2 :
N(t; q) = 2
( 2n−2
n
j
)
(2n − 1)j if t = jn, 0j 2
n − 2
n
, (35)
N(t; q) = 0 otherwise; (36)
(ii) 2 < q < 2 + n : if t = b + an with 0bq − 2 and 0a qn−q
n
, then
N(t; q) = q
(
q − 2
b
)
(q − 1)b
( qn−q
n
a
)
(qn − 1)a, (37)
N(t; q) = 0 otherwise; (38)
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(iii) q2 + n: assume that q − 2 = q0 + q1n with 0q0n − 1 and q11. Then if 0 t < n,
N(t; q) = q
(
q − 2
t
)
(q − 1)t ; (39)
if t = b + an with 0bn − 1 and 1aq1 − 1,
N(t; q) = q
a∑
j=0
(
q − 2
b + jn
)
(q − 1)b+jn
( qn−q
n
a − j
)
(qn − 1)a−j ; (40)
if t = b + an with 0bq0 and aq1,
N(t; q) = q
q1∑
j=0
(
q − 2
b + jn
)
(q − 1)b+jn
( qn−q
n
a − j
)
(qn − 1)a−j ; (41)
if t = b + an with q0 < bn − 1 and aq1,
N(t; q) = q
q1−1∑
j=0
(
q − 2
b + jn
)
(q − 1)b+jn
( qn−q
n
a − j
)
(qn − 1)a−j . (42)
Proof. It was shown in [9] that there are q − 1 cyclotomic cosets modulo N with size 1 and
qn−q
n
cyclotomic cosets modulo N with size n. Hence, (33) and (34) follow from (7) and (8) in
Theorem 1, respectively.
(i) If q = 2, then (35) and (36) follow from (20) and (21) in Theorem 2, respectively.
(ii) If 2 < q < 2+ n, then (37) and (38) follow from (18) and (19) in Theorem 2, respectively.
Note that if t = b + an with 0bq − 2 and 0a qn−q
n
, then t = {(b, a)}.
(iii) If q2 + n, then (39)–(42) follow from (18) in Theorem 2. Note that if 0 t < n, then
t = {(t, 0)}; if t = b + an with 0bn − 1 and 1aq1 − 1, then t = {(b + jn, a − j) :
j = 0, 1, . . . , a}; if t = b + an with 0bq0 and aq1, then t = {(b + jn, a − j) : j =
0, 1, . . . , q1}; if t = b + an with q0 < bn − 1 and aq1, then t = {(b + jn, a − j) : j =
0, 1, . . . , q1 − 1}. 
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